We investigate the particle and kinetic-energy densities for N non-interacting fermions confined in a local potential. Using Gutzwiller's semi-classical Green function, we describe the oscillating parts of the densities in terms of closed non-periodic classical orbits. We derive universal relations between the oscillating parts of the densities for potentials with spherical symmetry in arbitrary dimensions, and a "local virial theorem" valid also for arbitrary non-integrable potentials. We give simple analytical formulae for the density oscillations in a one-dimensional potential.
mean field of an interacting fermion system (such as a nucleus). The energy eigenvalues E n and eigenfunctions ψ n (r) are given by the stationary Schrödinger equation. The particle density of the system at zero temperature, ignoring the spin degeneracy, is given by
where the Fermi energy λ(N ) is determined by normalizing the density to the given particle number N . For the kinetic-energy density we discuss two different forms
which after integration both lead to the exact total kinetic energy. We rewrite the above densities in the form
where G(E, r, r ′ ) is the Green function in the energy representation
and the identity 1/(E + iǫ − E n ) = P[1/(E − E n )] − iπδ(E − E n ) is used (P is the Cauchy principal value).
To obtain semi-classical expressions, we replace the Green function by Gutzwiller's approximation [3] G scl (E, r, r
which is valid to leading order in 1/ in the semi-classical limit → 0, i.e., when the dominating classical actions S(E, r, r ′ ) are large compared with . In Eq. (8), D is the Van Vleck determinant given below, µ is the Morse index and α D = 2π(2iπ ) −(D+1)/2 . The sum is over all classical trajectories starting at r and ending at r ′ . The action integral along each trajectory is
Since we have to use r = r ′ in (4) -(6), only closed trajectories starting and ending at the same point r have to be included in the sum of (8) . Following Gutzwiller [3] , we use for each trajectory a local coordinate system r = (q, r ⊥ ) = (q, r ⊥1 , r ⊥2 , . . . , r ⊥(D−1) ), whose first variable q is chosen along the trajectory, while the vector r ⊥ of the remaining D − 1 variables is transverse to it. The Van Vleck determinant then becomes
where p(E, r) =ṙ 2m[E − V (r)] /|ṙ| is the classical momentum and p(E, r) = mq(E, r) its modulus. We now want to keep only the leading-order terms in the semi-classical expansion parameter . To this purpose it is useful to decompose the Fermi energy into a smooth and an oscillating part: λ = λ + δλ. Assuming that δλ ≪ λ, one can show [8] that
where g(E) is the smooth part of the level density and δg(E) its oscillating part, semi-classically given by a sum over the periodic orbits of the classical system [3] .
The sum over closed trajectories to be used in (4) -(6) can be separated into a sum over periodic orbits (POs) and a sum over non-periodic orbits (NPOs). The actions along the POs are independent of r; their contributions are therefore smooth functions, given only by the initial and final momenta p = p(E, r) and p ′ = p(E, r ′ ). To lowest order in , the semi-classical densities are given by the POs with zero length. They are identical with the smooth Thomas-Fermi (TF) densities [9] , like it is known [10] for the level density g(E) = g T F (E). To next order in , the sums over all NPOs yield the density oscillations, so that the semi-classical particle density has the form ρ scl (r) = ρ T F (r) + δρ(r) .
Analogous forms hold for τ (r) and τ 1 (r) For the kinetic-energy densities we have to derive the Green function (8) twice according to (5, 6) . The semiclassically leading terms come from the derivatives of S(E, r, r ′ ), for which the relations ∇ r ′ S(E, r, r ′ ) = p ′ and ∇ r S(E, r, r ′ ) = −p hold. The energy integration in Eqs. (4) - (6) can be done by parts. The leading-order results come from the upper integration limit, taken as λ. The lower limit, which must be taken to be V (r) since in the semi-classical approximation one has to stay in the classically allowed region, gives no contributions. We then obtain for the oscillating parts of the densities:
iΦ( e λ,r) , (14)
where
, the phase function in the exponents is Φ( λ, r) = S( λ, r, r)/ − µ π 2 , and T ( λ, r) = dS(E, r, r)/dE| E= e λ . Since the modulus p depends only on position and Fermi energy, but not on the orbits, we can take it outside the sum over the NPOs. We thus immediately find the general relation
It holds for arbitrary, integrable or non-integrable, local potentials in arbitrary dimensions. Eq. (16) may be termed a "local virial theorem" because it relates kinetic and potential energy densities locally at any point. For δτ 1 (r) we have no such relation, since it depends on the relative directions of final and initial momentum of each orbit. Due to the semi-classical nature of our approximation, Eq. (16) and the results derived below are expected to be valid in the limit of large particle numbers N . One-dimensional systems.-For the further development we now focus on one-dimensional systems characterized by a smooth binding potential V (x) with a minimum at x = 0. We will explicitly derive a semi-classical expression for the particle density ρ(x); analogous results for the kinetic densities are found in the same way.
The classical motion at fixed energy E is limited by the turning points x ± (E) defined by V (x ± ) = E, with x + (E) > 0 and x − (E) < 0. In one dimension there are only two types of trajectories going from x to x ′ : the first type has its momenta at the initial and final points in the same direction, while for the second type they go in opposite directions. Without loss of generality we may choose x − ≤ x ≤ x ′ ≤ x + . The shortest trajectory of the first type goes from x directly to x ′ without reaching any of the turning points; it is indexed by the subscript '0' and has the action
All other trajectories of the first type bounce j = 1, 2, . . . times forth and back between the turning points before reaching x ′ ; they are indexed by '1' and have the actions
where S 1 (E) is the action of the primitive periodic orbit and the sign ± refers to the starting direction. The trajectories of the second type bounce k = 0, 1, . . . times forth and back before reaching x ′ ; they are indexed by '2' and have the actions
where S − (E) = S(E, x − , 0) and S + (E) = S(E, 0, x + ). For a symmetric potential with V (x) = V (−x), one has S − (E) = S + (E) = S 1 (E)/2. From (10) we have |D(E, x, x)| = m/p(E, x) for all trajectories. For smooth potentials in one dimension, the Morse index µ is equal to the number of turning points, which for the above trajectories is µ 0 = 0, µ 1± = 2j, and µ 2± = 2k + 1.
[For a one-dimensional box with reflecting walls, the Morse index equals twice the number of turning points; our semi-classical densities become exact in this case.]
Using (17-19) and D=1 in Eq. (8), we now obtain the semi-classical particle density ρ scl (x) as a sum of the three types of contributions indexed as above:
Since we have to use x = x ′ , the only contributing orbits of type 0 have zero length, those of type 1 are periodic, and those of type 2 are non-periodic. Doing the energy integration by parts, we get to leading-order in
where T 1 ( λ) is the period of the primitive periodic orbit. Taylor expanding ρ 0 (λ, x) in Eq. (21) around λ yields the well-known TF density, ρ T F (x) = ρ 0 ( λ, x), plus a term linear in δλ which, using Eq. (11), cancels exactly the contribution ρ 1 (x) in (22). The leading-order oscillating term is therefore given by the type 2 orbits, i.e., by δρ(x) = ρ 2+ (x) + ρ 2− (x) which has the explicit form
with R ± ( λ, x) = 2S ± ( λ) ∓ 2S( λ, 0, x). This result is equivalent, although not obviously identical, with the result given in Eq. (3.36) of [1] .
For the kinetic-energy densities we proceed in the same way. The smooth parts of τ (x) and τ 1 (x) are identical and equal to the TF kinetic-energy density τ T F (x); for their oscillating parts we obtain the one-dimensional version of the relation (16) and, in addition, the new relation
which holds due to the opposite initial and final momenta of the NPOs of type 2 which contribute to (15).
In Fig. 1 , we test our semi-classical results for the potential V (x) = x 4 /4 with N = 40 particles (with units such that = m = 1). The upper panel shows δρ(x) given in (23) by the solid line, while the dots represent the quantum-mechanical expression (1) after subtracting the TF density. The agreement is very good except close to the classical turning point where the TF approximation breaks down. The lower panel demonstrates the validity of the relations (16) (with r → x) and (24). The small deficiencies near the classical turning points can be overcome and the tail in the classically forbidden region described by the standard WKB treatment [1, 2] or the TF-Weizsäcker theory [9] .
A simpler form for δρ(x) is found if one restricts oneself to the interior part of the system around x = 0, where
is the smooth Fermi momentum. We then obtain
where δΦ = [S − ( λ) − S + ( λ)]/ is a phase difference related to the asymmetry of the potential, and
To evaluate this sum, we exploit the fact that the action S 1 ( λ) in one dimension can be related to the particle number N by S 1 ( λ) ≈ 2π N , which is nothing but the well-known Bohr-Sommerfeld quantization condition. Using this relation in (26) and the identity
N π/4, we find the approximate expression for the central oscillations
which can also be obtained from Eq. (3.36) in Ref. [1] in the limit V (x) ≪ λ. It is shown by the dashed line in the upper panel of Fig. 1 . Using Eqs. (16) and (24) one can give analogous simple results for the kinetic-energy density oscillations near x = 0. Our derivation shows that periodic orbits do not contribute to the oscillations in the densities ρ(x), τ (x) and τ 1 (x), while they are known [3] to give the most important contributions to the oscillating level density δg(E). In fact, the most important contribution to (23) comes from the two shortest non-periodic orbits which go from x to one of the turning points and back; for small x their action difference is 2xp λ . The summation over all longer non-periodic orbits yields the oscillating sign depending on the particle number N . We emphasize that the oscil- lations in Eq. (27) have the universal wave length π/p λ independent on the particular form of the potential V (x).
Higher-dimensional radial systems.-In a forthcoming paper [11] , we generalize our method for higherdimensional systems. For binding potentials V (r) with spherical symmetry in D > 1 dimensions, one can separate two kinds of spatial oscillations in the radial variable: (i) irregular longer-ranged oscillations, which are attributed to nonlinear classical orbits, and (ii) regular, rapid oscillations of the kind discussed above and denoted here by δρ(r), δτ (r), and δτ 1 (r). The regular rapid oscillations originate from non-periodic linear orbits with zero angular momentum, starting from r in the radial direction and returning with opposite radial momentum to r; these orbits correspond exactly to our above type 2 orbits in one dimension. From their contributions to the semi-classical Green function (8) and hence to (13) , it is straightforward to derive the following relation, valid to leading order in :
Similarly, it follows from the nature of the radial type 2 orbits that (p · p ′ ) r ′ =r = −p 2 in (15) and hence the rapid oscillations in the kinetic-energy densities τ (r) and τ 1 (r) fulfill the relation (24) in the radial variable r: in arbitrary dimension D from the quantum-mechanical densities to leading order in a 1/N expansion [7] . Numerical tests of our semi-classical relations for a variety of systems will be given in Ref. [11] .
Conclusions.-We have shown that quantum oscillations in spatial densities can be derived without resorting to wave functions, but using the closed non-periodic orbits of the classical system. Our one-dimensional result for δρ(x) is equivalent to that of [1] , but its derivation by the summation over classical orbits appears more transparent to us. We note that the semi-classical theory can be easily generalized to grand-canonical systems at finite temperatures [12] . Our results may become useful in the analysis of weakly interacting trapped fermionic
